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1 Introduction

In many countries there is an ongoing debate about the need to reform education
regulatory frameworks in order to raise students’ achievement. The proposals
discussed include instruments such as the introduction of state or national level
exit exams to award degrees or to regulate schools (v.g. in the US!, in Britain? or
in Brazil®), minimum curriculum content (v.g. in Latin American countries?) or
the introduction of competition between schools.

One of the main determinants of the optimal regulatory instruments for the
education market is the information that firms have about workers’ productivi-
ties. The usefulness of different instruments relies, mainly, on the observability of
individuals productivities in the labor market. The most important policy instru-
ments that fall in this distinction are those that affect the way degrees are awarded.
These forms of regulating schools are most relevant when individual productivities
are private information.

Degrees and grades have recently received considerable attention in the eco-
nomics literature mostly following seminal contributions by (Costrell (1994) and
Betts (1998). The question they address is how social optimal standards depend
on the objective function of the government.

Despite the recent interest in degrees and grades the issue of how self-interested
teachers or school managers set grading standards has not received any attention
in theoretical literature. In this paper I will consider this issue. The problem is
important for, at least, two reasons. First, there are many countries where these
forms of regulation are not used. In most countries the degree awarding decision
is decentralized at the school level. Obviously, this would not be a problem with
perfect information labor markets and fully rational individuals since degrees would
be useless. However, the evidence of whether the effects of investment in education
in the labor market are best described by a human capital or a signaling model is
mixed.® Consequently, the policy instruments that are useful under the signaling
hypothesis should not be ignored.

Second, answering the question of how self-interested schools set grading stan-
dards is a prerequisite for the good design of regulatory instruments when one

1. [The Wall Street Journal (2000)
2. |The Economist| (2003)

3. [World Bank| (1999, p. 63)

4. |World Bank| (1999, pp. 23-26)

5. Some empirical studies of this issue are Kroch and Sjoblom| (1994)), Lang and Kropp] (1986]),
Rileyl| (1979) and Wolpin| (1977)).



thinks that the relation between the labor market and education system is af-
fected by signaling issues. Not only the way standards are set by schools must
be considered. Also, the interaction between standards and school inputs must
be considered. Incentives to increase teachers’ effort or direct spending are also
crucially affected by asymmetries of information in the labor market. If there is
a strong effect of degrees in the labor market, increasing expenditure in educa-
tion or setting incentives to increase teachers’ effort will have negligible effects if
they are not accompanied by other measures carefully chosen to make these efforts
profitable.

In these pages my aim is to make a first step in the issue of how a self-interested
school sets grading standards in an unregulated environment. This will allow, in
future work, to address other issues such as the optimal regulation strategies when
governments have imperfect instruments and on the effect of competition on the
rules used by schools to award degrees.

In Costrell (1994) and Betts| (1998) schools are immaterial; there is no object
for schools besides awarding degrees and the behavior of schools is not modelled
explicitly. Both use human capital-signaling models where, in schools, students
increase their labor market productivity. Since individual labor market produc-
tivity is not observed by firms, schools must give degrees to signal their labor
market productivity to firms. As they appear in those papers these models are not
suitable for the analysis of the problem in hand. They lack assumptions to make
demand and supply of education endogenous. In this paper I extend the Betts
(1998)) model accordingly.

Formally, I assume that individual productivity depends on ability, individual
effort and quality of education. Wages are set according to the signaling hypoth-
esis; they depend on whether the individual attended school and on whether he
achieved the degree. Effort is costly for individuals and quality of education is
costly for the school. I analyze the problem of how a school chooses a threshold
level that signals individuals with higher and lower productivity together with
tuition and quality of education.

The main result in this paper is that the optimal standard set by a monopoly
school is always such that all individuals attend school and all achieve the degree.
The extreme inefficiency of this result is not difficult to see. In stable equilibria this
results from a very low standard. Since the effort needed to achieve the degree
is decreasing in ability, a very low grading standard is also associated to low
achievement of high-ability individuals. It is not surprising, then, the conclusion
that the efficient grading standard is generally such that not all students achieve
the degree.



A second result concerns the difference in the efficient quality and tuition with
those set by the monopoly. The social optimal quality is given by a modified
Samuelson rule in which the welfare of all students is taken into account. However,
since the monopoly can only extract the surplus of the marginal individual (the one
who is indifferent between attending school and not attending) its quality choice
only takes into account his utility.® The tuition set by the monopoly is also very
different from the efficient one. The efficient tuition solves the sorting problem,
while the monopoly’s tuition extracts the maximum surplus from students.

The grading literature to which this paper belongs is similar to the broader
literature on certification. Probably the closest model in this literature is that by
Lizzeri (1999). There are, however, important differences between the two papers.
First, Lizzeri (1999) considers a different technology for the intermediary (in this
paper, the school) that allows to perfectly observe the quality of a good sold by one
agent and can choose to transmit this information to potential buyers. Second,
he uses a pure adverse selection model. The assumption that the intermediary
can perfectly observe individuals’ productivity makes the efficient outcome an
unappropriate benchmark for the monopoly’s problem. Under this assumption the
benevolent school could fully reveal individual productivity to the labor market
making degrees useless. Additionally, it seems realistic to assume that grades
cannot reflect the complete distribution of productivities but that they can only
capture intervals.

The introduction of moral hazard is important for my purposes since with
a pure adverse selection model and exogenous labor supply, efficiency does not
depend on how individuals are separated in the labor market. With the effort
variable determining individual productivity a particular grading standard has
not only the effect of separating individuals according to their ability but also
inducing some effort which enhances productivity and welfare.

Despite these differences the main result in this paper is similar to the main
finding of |Lizzeri (1999)): the self interested intermediary (in this paper the school)
chooses not to transmit any information. However, as a result of the difference in
the technology of the intermediary the result in this paper does not depend on the
distribution function of types as in Lizzeri (1999). Moreover, in this educational
setting the result has a more serious implication than in the pure adverse selection
setting of Lizzeri (1999). Namely, the fact that the school chooses not to reveal
any information means that students will make a very low effort at school and this
reduces individual and aggregate welfare.

6. [Sheshinski| (1976) and |Spence| (1973) analyze models where a monopoly sells a good of variable
quality. However, those models do not include certification technologies nor moral hazard which
are crucial in this paper.



The plan of the paper is the following. Section |2 sets up the model. Section
describes individuals’ behavior and the labor market. Section [4| analyzes the
second-best efficient outcome. Section [l describes the school’s behavior. 1 leave
the analysis of the first-best for the appendix. The final section concludes.

2 The model

2.1 Individuals

There is a continuum of individuals indexed by ¢ with utility
U'=w'—t—uv(e), (1)

where w® is the labor market wage, t is the tuition payed to school and e’ is
the effort level made at school. wv(-) is convex, increasing and satisfies the Inada
conditions, v(0) = 0 and lim,_ov'(e) = 0.

Labor market productivity of an individual is enhanced at school. An in-
dividual with ability ¢’ who exerts effort ¢! and attends a school of quality ¢
will have a labor market productivity of w(¢’, €%, q). ¢' is drawn from the inter-
val [¢”, ¢"] with a continuous and differentiable probability function F' (-). The
function w(¢?, €', q) is concave in (€', q), strictly increasing in all its arguments and
satisfies

weg(d', €', q) > 0. (2)

2.2 The school

There is a monopoly school with two tasks. First, it provides the quality of edu-
cation ¢. Second, it transmits information to firms about the productivity of the
individuals who attended the school.

The school is not able to observe perfectly the labor market productivity of
each student. It can only observe if the productivity of a student is above or below
a certain level, w. Let the variable

pi_{ difw(de g >w
~ | f otherwise

represent whether a student achieved the degree (d) or not (f).

The threshold level w is chosen by the school. The costs of serving a proportion
7 of students and providing a school quality of ¢ are m(q) + C. Where C is the
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fixed cost of running a school and 4 () is convex and increasing. If the school
receives t from each student its payoff will be given by:”

D=7 [t — 1/1((])] -C. (3)

2.3 Firms

There is a large number of risk neutral competitive firms in the labor market. Firms
do not observe individual labor market productivity nor any of the arguments on
which it depends. They only observe whether an individual attended school and
whether he obtained the degree.

Since the labor market is competitive and firms are risk neutral, wages will
equal expected productivities conditional on available information. Let

Qi_la if the individual attended school
| w otherwise.

Since firms only observe A* and D’ the wage received by an individual will be:
wt = w(A', DY) = B [w(¢'.¢'.q) | 4. D] (4)
Wages will take one of three possible values. Let these values be w’ = w? if D = d,

w' =w! if D' = f and w' = w" if A" = w.

2.4 Timing and strategies

I model the unregulated market game as a three stage game with the following
succession of events:

Stage 1 The school offers a triplet (¢, w,?)

Stage 2 After observing (¢,w,t) students choose whether to at-
tend school

Stage 3 Students choose their effort level ¢'.

7. When modelling school behavior a common problem is the objective function assumed for
schools. There is a wide range of possibilities, among others, one can think of schools as profit
maximizing units, as altruistic or non-for-profit ones. The chosen formulation builds on the
observation that schools are generally labor managed firms and assuming that quality is costly
and that schools care for the tuition level is a reasonable approximation to reality.



At the end of Stage 3 individuals earn w(A*, D') as defined in ().

Consequently, a strategy for the school is given by (¢, w, t), i.e. quality, grading
standard and tuition fee. A strategy for the individuals is given by a pair (A’, ")
for each (q,w,t) possibly chosen by the school. Given the strategy of the school
individuals decide whether to attend school and their effort level if they attend. As
usual in this type of problems, the solution is found by backward induction (I as-
sume sequential equilibrium). In the third and second stages students choose effort
level and demand for schooling anticipating the wage they will receive in the labor
market. In the first stage the school chooses the tuition level, the grading standard
and the school quality anticipating the decisions by students in subsequent stages.

3 Individuals’ behavior and the labor market

This section considers the behavior of individuals and its consequences on the
equilibrium in the labor market conditional on the decisions made by the school
on (Q7 (’_‘17 t) °

3.1 The behavior of individuals

In the appendix I show that given the strategy of the school, (¢,w,t), the optimal
behavior of individuals satisfies the following properties.

Property 1 Let €' denote the optimal effort level of a student of type i. If the
student achieves the degree, €' will be equal to max{e’, 0}, where €' is given by
w(¢' e, q) = w. If the student does not achieve the degree or it does mot attend
school, €' is equal to zero.

Property 2 If a student of type ¢ chooses to achieve the degree all students with
abilities ¢" > @' will also choose to achieve the degree. Conversely, if a student
with type ¢' chooses not to achieve the degree all students with abilities ¢F < ¢
will also choose not to achieve the degree. Consequently, there exists a marginal
student with ability ¢ who is indifferent between achieving and not achieving the
degree.



Figure 1: The students choosing to achieve the degree. The choice set of an
individual of type i, once he has chosen to attend school, is given by the point
(0,w/ — t) together with the bold line starting in (¢!,w? — t). Note that, since
e decreases in ¢', the lower the ability level, the further to the right the point
(e, w? —t) will be.

Property 3 All individuals not exerting any effort have the same utility if they
receive the same wage. Consequently all individuals who would find optimal not
to achieve the degree, if they attended school, would either find optimal to attend
school or not to attend. Moreover, it may be that some students who would achieve
the degree in the case they attended school, may find optimal not to attend. Let $
represent the ability level of the marginal individual. QAﬁ must satisfy

0> and ¢ > ¢ or ¢=¢F and § > ot

Property [1] follows from the observation that a change in effort can only affect
utility if it changes productivity around w. Otherwise, since wages cannot be
conditioned on effort, all individuals have incentives to free ride and exert the
minimum effort to be in their desired category (d, f or u). Property [2| follows
from a standard revealed preference argument that results form the monotonicity
properties of utility. Property 3| follows from the fact that utility for individuals
who attend school and fail and for individuals who do not attend school do not

depend on ability since they exert no effort. These three properties are illustrated
in figures [I] and [2|
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Figure 2: Some students who prefer achieving the degree may choose not to attend
school. The bold line is part of the choice set of the marginal student and the light
line part of the choice set of the marginal individual. All those individuals who
need to exert effort & € [¢, £] will not attend school even though they would achieve
the degree in case they attended.

According to these properties equilibria can be of two types. In the first type,
labelled Regime 1, not all individuals attend school, all those attending achieve
the degree and there is a marginal individual indifferent between these two options.
In the second type, labelled Regime 2, all individuals attend school and there is a
marginal student indifferent between achieving the degree or not. In both regimes
effort level is minimal. Individuals who achieve the degree exert the minimal effort
needed to attain the productivity level w, individuals who do not achieve the degree
(either attending or not attending school) exert no effort. It should be noted here
that both regimes admit corner solutions. The possibility of having all individuals
achieving the degree and thus, attending school is not precluded from Regime 1.
Similarly, in Regime 2 it can be that all individuals achieve the degree or that no
individual does so. Note also that although in these corner solutions both regimes
resemble, they are still differentiated by the fact that in Regime 1 there are no
students who attend school and do not achieves the degree while in Regime 2 this
is not precluded.

An additional property regarding the effort level of the marginal individual in
Regime 1 and of the marginal student in Regime 2 will be useful to understand



the results in this paper.

Property 4 (Regime 1) Let € be the effort exerted by the marginal individual to
achieve the degree. It must be that

we(d,€,9) < V' (2).

(Regime 2) Similarly, let € be the effort exerted by the marginal student to achieve
the degree. It must be that

we($,&,q) < V'(é).

Property [4)is proven in the appendix. The property is very intuitive. To achieve
the degree the marginal individual (and the marginal student) will need to exert an
effort level which exceeds the efficient level since the wage level which corresponds
to his productivity when he exerts the efficient effort level is not feasible.®

Before continuing let me make a remark on the terminology used in the paper.
As in the previous paragraphs, I will continue to use the expression marginal
individual for that who is indifferent between attending school and not attending
in Regime 1 and the expression marginal student for that who is indifferent between
achieving and not achieving the degree in Regime 2.

3.2 The labor market equilibrium wages and some com-
parative statics

Given the optimal strategies of individuals described above, and the school choice
of (¢,w,t), the equilibrium in the labor market will be described by two wage
functions and a function determining the marginal individual (in Regime 1) or the
marginal student (in Regime 2). These will differ according to the regime.

Regime 1

Consider first the case in which only some students attend school. This happens
when, for any (q,w), t is so big that it is better not to attend school than to attend
and fail. The equilibrium will be described by the wages and the ability of the

8. The first-best efficient effort for each individual is the e that solves w.¢, e, q) = v/(e?).
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marginal individual. Specifically, Properties [1| and [3| imply that wages are given
by:

A o ‘ . s o ;
b (5)
C[P@-F@] e ape
TR +L w(¢,o,q)1_—F(¢;)
and
#0) = B [ot6,0.0) |6 < 3] = [ w0000
(6)

Lw(¢,0,0) F((;Aﬁ) .

where ®(q,w) is the ability level of the individual who needs to exert no effort to
achieve the degree, i.e., ®(g,w) is the inverse of w(P,0,¢q) = w.

/5 dF (¢

To write the condition that defines the ability level of the marginal individual
define the function

A(¢, q,w,t) = w(¢', q,w) — w"(¢") — v(e") — t.

corresponding to the value of achieving the degree for a student with ability ¢
when he is the student with the lowest ability to do so. Note that &’ is a function
of ¢, ¢ and w, explaining why £’ does nor apear as argument of A. The ability
level of the marginal individual will satisfy

A(&a q,w, t) =0 (7)

and has the following comparative statics:

n At( 7Q7£7t)

t ,_,t ==, 8
A W] ®
n Aw<$7q7£7 t)

w 7_at =T = 9
Pl =R G ) o

and

n Aq((zg7Q7w7t)

q ,_,t = —= ~ 10
Pl Ay q,w,t) 1)



The signs of these derivatives are stated in the following property.

Property 5 The function ngﬁ(q,u_), t) satisfies

(a)  sign(oi(q w,t)] = sign[A (6, q.w,1)],
(b)  sign[du(q,w.t)] = sign[A;(¢, ¢, w,t)] and
(c)  sign[dy(q.w,t)] = —sign[A;(d,q.w,1)].

Although the results in this paper are not restricted by any assumption on the
sign of A Qg(ngS, ¢,w) it is important to note the implications of it being positive. As
noted already, the main condition describing the conditional equilibrium in this
model is equation . That equation is a complicated polynomial on (5 which
can have several solutions not all of which will be stable. However, it can be
shown that if A q;((bi, q,w) > 0 the equilibrium will be stable.? This condition is by
itself intuitive. It says that, the “better” the pool of individuals that achieves the
degree, the higher the benefits from achieving a degree. Moreover, it has intuitive
implications. In the stable equilibria, increasing the tuition will reduce demand
for school (part (a)), increasing w reduces the number of individuals achieving the
degree (part (b)) and increasing ¢ increases school demand (part (c)).

Regime 2

When, for some (q,w,t) all individuals attend school, wages will be given by

~ ~ oH o ;
@(6,0,w) = B [w(@',2',q) | ¢/ > 6] = /qj “J(qﬁz’gl”)ldfﬁé)
(1)
_ Jro-ro)] s AF(@)
- 1—F<¢> A
and
6.0 = E (0.0 ¢ < 9] = [ w(qS’,O,q)d;((g)). (12

With & = &(q,w).

9. See Betts| (1998]) and |Costrell| (1994) for very similar proofs.
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To write the condition that describes the ability of the marginal student, ¢, I
proceed as before and define the function

A(¢',q,w) = w'(¢', q,w) — w! (¢, q) — v(e) (13)
corresponding to the value of achieving the degree for a student with ability ¢
when he is the student with the lowest ability to do so.!® The marginal individual
will be that for whom o

A(¢, q,w) = 0. (14)
Consequently, the ability of the marginal student will depend on ¢ and w only.
For any (q,w), ¢(q,w) will represent the equilibrium ability level of the marginal
individual.

Differentiating yields
w (év q, E)

A
bu(q,w) = —Aé(&q&) (15)
and
7 w :_Aq((£7q7g)
¢q(q,w) —Ag)(é, o) (16)

The signs of the comparative statics are given by the following property, proven
in the appendix.

Property 6 The function ¢(q,w) satisfies:

(a)  sign[du(q,w)] = sign[A(¢,q,w)] and
(b) sign|oq(q,w)] = —Sign[Aé(qg, q,w)] if wee(9', €', q) > 0.

The stability issue in this regime is analogous to that in Regime 1. If
A d;(gg,q,g) > 0 the equilibrium will be stable. Since in this case there is no
effect of tuition on the ability of the marginal student the interpretation is slightly
different. Suppose that for some reason there is a fixed cost for students to achieve
the degree. In such a case, A é(gzg,q,g) can be interpreted as the inverse of the
effect of an increase in the fixed cost on the ability of the marginal student. It is
likely that this effect is positive. As in Regime 1 stability has the intuitive impli-
cation that increasing w and reducing ¢ reduces the number of students achieving
the degree.

10. Note that e’ is a function of ¢’, ¢ and w. This explains why £’ does no appear as an argument
of A.
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4  The second-best efficient outcome

As a benchmark for the behavior of the monopolist I turn to the analysis of the
efficient outcome of this model. This second-best situation is not the only relevant
one. However, it is the more appropriate benchmark for the problem solved in the
following section. In the appendix I present an analysis of the first-best problem
which, although also interesting, is not as relevant since there is no role for degrees.

I assume that the government has full information about the actions of the
school (i.e. it observes ¢, w and ¢) but does not observe the parameters nor the
actions of individuals (i.e. it does not observe ¢, ¢’ nor w?).

The government plays in the first stage of the game presented in section [2]
It anticipates individuals’ behavior and predicts labor market wages. This means
that the government’s choice is subject to the optimality of student’s choices in
subsequent periods. To deal with the issue of the two types of equilibria that may
hold in this model I will analyze sequentially the efficient outcomes in each of the
two types of equilibria. I will then discuss which of the two outcomes will be the
efficient one.

Before going on, an additional issue must be resolved. In both types of equilib-
ria the government must satisfy individual participation constraints to induce its
desired school demand. These participation constraints differ according to which
of the two types of equilibria is the efficient one. Moreover, in both cases the con-
straints involve the computation of the utility obtained from suboptimal choices.
Thus, to write the constraints I need to define the out of equilibrium beliefs of
firms in this economy.

I will assume that the hypothetical expected productivity of an individual who
attends school but does not achieve the degree, when this is a suboptimal choice,
is given by

(b.0) = B [w(6',0,0) | 6" < 4] (17)

Similarly, the hypothetical expected productivity of an individual who did not
attend school, when this is suboptimal, is given by

B2(0) = E [w(6',0,0) | ¢ < 9] (18)
In both cases, I am assuming that beliefs about ability of the individuals who did

not attend school and those that attended school but did not achieve the degree
are drawn from the same interval.
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4.1 Solving the welfare maximization problem

In this section I solve the problem in each of the two Regimes that can hold in this
model. In the following section I discuss which of the two solutions is the efficient
one.

Regime 1

We can now write the welfare maximization problem in each of the two cases
considered. I start with the case in which not all individuals attend school. The
problem of the government can be written as follows:

max  @'(6,0,0) |1~ F(9)] + a"(3)F(9)

q,w,t o )
_ / v(edF(¢)) — [1 —F(cb)} ¥(g) = C
@

st @) = df(dq) — 1

ngS = qg(q,g, t) and qg(q,g, t) given by equation ([7))
£’ given by Property [1|

(P1)

Several comments about the objective function are in order. As a result of
quasilinearity the government is indifferent not only to the distribution of utilities
but also to the distribution of net income. The government is only interested in
the maximization of total income net of the costs associated to effort and school
provision. This has two consequences. First, the tuition payed by those individ-
uals attending school does not affect welfare directly. Second, it may be that the
optimal tuition is not enough to finance the school. However, this is not a prob-
lem since the government can also use lump-sum taxes to cover the deficit. The
same assumption of distribution-neutrality implies that these taxes will not affect
welfare.

Introducing the values of the wages and the optimal effort in the objective
function the Lagrangian can be written as:

L :[jH w(#',0,q)dF(¢") +w [F(q)) - F(q@)]

L

+ / " (6, 0,0)dF () - /¢ " u(ear (@) - ¢ - 1-F(9)] v()

~ W 7', N w Z, s ! t
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with ¢ = q@(q, w,t), ® = ®(q,w), where )\ is a Lagrange multiplier and €' is given by
Property[I] The derivatives of the Lagrangian with respect to the control variables
are:

igz_@+w¢am+m@+wmﬂﬂ@@
i Kmaam—w@mﬂn—cw@wwd@@»}xﬁg@+1}
%%——(:wa¢2aqﬁHW¢6+34¢U@”Zijgjj3deﬂ
+ [+ w(6,0,0)+ (&) +v(@)] £(D)d, — [1 - F(3)] ¥/(a)
3 [(006.0.0) ~66.0.0)) - (86 06,0
£(9) 2 o i
x%qbq — /¢>L wqe(¢',0,q)dF (¢ )}
and
E%:{F@y_p@ﬂ+[_g+w@mmy+m@+¢@ﬂf@ww
[ A
3] (406.0.0) = 0(6.0.0) = () - t(6.0)) | x L.

Where I have omitted the arguments of gz@(q, w,t) and ®(¢q,w) and have again used
the implicit function theorem to write the derivatives of &*.

The meaning of these equations is best understood under the assumption that
\ will be equal to zero. This happens when the corresponding constraint is slack,
i.e. when at the optimal (¢, w,t), W"(¢) > &/ (¢, q) —t. Using (M), which defines
the marginal individual, the first-order condition for ¢ can be written as

{[#60,0.0) =] + [(4,0,0) = #"()] — ¢+ () } (&) = 0.
Thus, provided f (é)ét # 0, the optimal tuition level will be given by
t=1v(q) + [ﬁ)d(é, ;W) — 71]“(95)] - [g - W(é,O,O)} 7 (19)

16



which is strictly positive and higher than the marginal cost of serving an addi-
tional student at school. The government sets the tuition to extract the gain of
the marginal individual from attending school, wd(qg,q,g) — w”(¢f), discounting
the increase in total productivity when the marginal individual attends school,
w — w(ngS,0,0). This optimal tuition reflects the fact that social and individual
gains from education are different due to asymmetries of information. To better
understand the meaning of the optimal tuition one can ask for the ability level of
the marginal individual under this tuition. Using equation (7)) one finds that, with
the tuition in (19), A
w = w(¢7 0, 0) o U<é) = WQ)

Which means that the social gains (right hand side) and costs (left hand side) of
letting the individual with ability ¢ attend school will be equalized.

Using equation the first order conditions for ¢ and w can be written as
follows:

o' . ' o 4 i i
| et 00aren + [ o2
3]

G g @) = [1- @) v @)

and

19 . -
we(9?, €1, q)

Equation is a Samuelson condition. The left hand side gives the marginal
benefits of an increase in ¢q. The first term in the expression is the marginal
increase in the productivities of the students who do not exert effort at school.
The students who exert a strictly positive effort at school adjust their effort level
to continue meeting the standard after an increase in ¢, thus, for them, there is no
change in productivity. However, there is a benefit associated with these students
which is the reduction in effort needed to achieve the degree. The second term in
equation is exactly the value of this reduction in effort. The right hand side
gives the marginal cost of an increase in ¢q. Equation says that at the optimal
¢, marginal costs and benefits must be equated.

[P - )] = [ V6 g tP@) @)

Equation gives the level of the efficient standard. It can also be interpreted
in terms of the equality of marginal costs and marginal benefits. As before the
marginal benefits are given in the left hand side and the marginal costs in the right
hand side. The marginal cost of an increase in the standard is given by the value
of the additional effort that must be made to achieve the degree. The marginal
benefit is given by the number of students who will have a greater productivity.

Unfortunately, while \ can be equal to zero it is not necessary that this will be
so. If the tuition in is not high enough to make the option of attending school
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and not achieving the degree unattractive the participation constraint will bind.
Two possibilities arise here. First, restricting the government to the instruments
we have allowed, namely (¢, w,t), the tuition will be equal to @/ — 1@W* and the
quality of education and the grading standard must be used as sorting instruments.
Second, note that allowing the government to punish individuals that attend school
and do not achieve the degree would relax the participation constraint. Moreover,
the use of this additional instrument would not have any impact on welfare since
no individual would attend and would not achieve the degree. This punishment
may be related to a fee (for example charging an initial tuition which is higher
than that in and refunding the difference with the optimal ¢ to students who
achieve the degree) but it can also be a denial of an attendance certificate, this
will impede individuals from having the wage for individuals who attended school
but did not succeed at school.

Regime 2

I consider now the case in which the government will set the school variables if
it wants all individuals to attend school. There are two differences between this
problem and the previous one. First, the objective function is different since now
it includes the wage of the individuals who attend school without achieving the
degree instead of the wage of the individuals who do not attend school. Second,
the solution to the problem must satisfy a participation constraint that guarantees
that those who will not achieve the degree prefer to attend school. The problem
of the government is

max u?d((;;, q,w) [1 — F(&)] + @Df((;? Q)F(Qg)

Wt o
- /¢ o(€)dF(¢) — ¥lg) — C

st @ (,q) —t > dY(P)
¢ = ¢(q,w) and ¢(q,w) given by equation (T4)
£’ given by Property [1]

(P2)

The same comments on the objective function as for the case when not all in-
dividuals attend school hold in this case. The government is indifferent to the
distribution of net income. Consequently the tuition does not affect welfare di-
rectly and school may be financed with the proceeds of lump-sum taxes which are
implicit in the problem.

To write the Lagrangian of this problem introduce the expressions for wages and
the ability of the marginal student in the objective function and in the participation
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constraint. The Lagrangian is given by:

- L " (0,0 F () + F(@) - F(9)]

¢ ®
w(¢',0,q)dF(¢") — v(e)dF(¢") — -C
v/, " 0.01F(6) I M) =10 (22)
TP dE@) L dp)
R R e RO

With ¢ = gzg(q,g), ® = &(q,w) where ) is a Lagrange multiplier and ¢ is given by
Property [1}

Since ¢ does not depend on ¢t it can be easily seen that the derivative of the
Lagrangian with respect to ¢ is 3
a5
dt
which means that the participation constraint will not bind. The tuition fee set
by the government can be anything as long as it is strictly lower than @/ — @
Consequently A will be equal to zero. Alternatively, this means that school provi-
sion should be financed with the proceeds of the taxation system. Taking this into
account, the derivatives of L with respect to ¢ and w are (again I have omitted
the arguments of é(q, w) to lighten notation):

L " . . ¢ .
= = 1.0,q)dF (¢’ 1,0,q)dF (¢’
dq /{; wq(¢707Q> (¢)+/¢LWQ(¢?07q) (¢)

PN ) QY
+/q; v(g)mdﬂﬁb) V'(q)
+ [+ w(d.0.0) +0)] 1),

and
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The first-order conditions describing the interior optimal levels of ¢ and w can
be written as
¢

" ) ) ) X
/q) we(¢',0,q)dF (¢") + / wq (9", 0, q)dF (')

¢
@U/ iwa(@' €', q) i (23)
n /¢ () ar )

+ [—g—l— w(9,0,q) + U(g)} f(@g)ﬁgq = 9'(q)
and

[F(@) = F(@)] + [~w+w(8,0.) + ()] (&)

@ | 1 | (24)
= /¢ V(") ————dF(¢").

(q,w,t) we<¢i7 8i7 Q)

These first-order conditions resemble those in equations and with one
important difference. Since the tuition stops being a useful instrument to sort
individuals, school quality and the standard must be used for this purpose. This
is shown by the fourth term in and the second one in (24). Note that these
correction terms are very similar. The term —w + w(<;~§,0,q) + v(€) appears in
equations and (24). From the equation defining the ability of the marginal
student, [I4] it can be seen that this expression is equivalent to

(@ — '] - [w-w(3,0,9)]

which is positive. It is also equal to the difference between the private and social
gains from attending school for the marginal individual. Thus, the direction in
which ¢ and w are adjusted depends on the sign of A d;(é, q,w) (recall Property .
In the stable equilibrium, QNSE > (0 and gzNSq < 0, which imply that ¢ will be lower
than if there were enough instruments to determine sorting of individuals in an
independent way from the incentives to learn.

4.2 The efficient outcome

My aim in this section has been to transmit two messages. First, and most im-
portant, the second-best efficient allocation admits a grading standard such that
individuals are separated according to their ability with individuals of high ability
achieving the degree and those of low ability not achieving the degree or not at-
tending school. The main reason for a grading standard that sorts individuals into
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two groups is to give incentives to students for exerting effort; grading standards
that do not separate individuals induce too little effort. This has already been
pointed by Costrell (1994), and Betts| (1998). However, they did not considered
the problem taking into account the additional instruments of tuition and school
quality.

The second message is related to these additional instruments. Tuition is used
only when it is useful as a sorting device; this is when it is optimal to leave some
individuals outside from school. The quality of education follows a Samuelson rule
modified by the fact that benefits for those individuals whose productivity is equal
to w is not to increase their productivity but to reduce their effort. These two
messages are summarized in the following proposition.

Proposition 1 (a) The efficient grading standard is given by or by .
These equations admit solutions such that not all individuals achieve the degree.
(b) In both cases the optimal quality of education is given by modified Samuelson
rules. (c) If a tuition is charged, it will be used only to achieve an efficient sorting
of individuals between attending and not attending school.

Additionally it would be desirable to know which of the two outcomes con-
sidered in this section, Regime 1 and Regime 2, is the efficient one. This is a
difficult issue and not very interesting for my main purpose in this paper which
is to understand the implications of profit maximizing behavior on the optimal
standard. I will, thus, not pursue with this objective and go on with the analysis
of the unregulated monopolist.

5 The behavior of the monopolist school

In this section I address the analysis of the first stage of the game presented
in section . The difference with the analysis in the previous section is that
school choice will be determined to maximize the payoff of an egoistic agent that
maximizes profits. Property [3| allows me to write the school’s objective function
as

n=[1-F@)| [t-vi0)] -C. (25)

I will first show the solution to the problem under the assumption that not
all individuals attend school. Then I will show the solution under the assumption
that all individuals attend school. In each of these cases the school is subject to
the same participation constraints as those that constrained the welfare maximiza-
tion problem. Finally, I compare both solutions and show which is the one that
maximizes the payoff of the school.
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5.1 Solving the problem of the monopolist

As for the efficient outcome, I first solve the problem in each of the two Regimes
and then show which is the one that maximizes the monopolist’s payoff.

Regime 1

Consider the case in which not all individuals attend school. The problem of the
monopoly school will be given by

max [ = [1 - F(qs)} {z - ¢<q)] e

,q,w,t

st () > w!l(p,q) —t (P3)

-y
¢ > 6> "
b= qg( ,t) and (b(q,w t) given by equation (|7)).

To solve this problem I solve (implicitly) equation to find the ability level
of the marginal individual ¢(¢,w,t) and introduce it in the objective function.
Regarding the participation constraint, I solve the problem neglecting it and check
ex-post whether the solution satisfies the restriction. The constraints on ¢ will be
considered explicitly. Under these conditions the Lagrangian of the problem of the
monopolist is

I'=|1-F(d(qw, t)} [t - 1/1((1)} -C
+ 78" — d(q,w, 1)) + n(dlq, w, 1) — o)

where 7] and 7 are Lagrange multipliers.

The derivatives of the Lagrangian with respect to the control variables ¢, ¢ and
w are

Cclil; =~/ (da.2.0) dila, D) [t — ¥()] o)
+ 1= F (dawt)| + - Mila.w1
L (b)) dula )t~ ) ”
[1 - F (é(q’% t)ﬂ V' (q) + (0 =M g(, @, 1)
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and

A

~

3—5 ==/ <¢(q7% t>> bu(g, w,t) [t — V(@) + (1 — Moulgw, ). (28)

Initially, T will ignore the first order condition for ¢ and concentrate on the
optimal standard. Suppose that the ability of the marginal individual will be at
an interior level, i.e. ¢ > (/zAS > ¢r. With this assumption 7 and 7 will be equal
to zero. Consequently, the optimal tuition can be obtained from equation (126))
equated to zero and is given by

1—F<ﬂ%%ﬂ>

t=v(q) +—— - : (29)
£ (9la.w.t)) dulg..)
Equation can be simplified using as follows:
df‘ o n Ag(Qaga t)
= [ F (dawn)] == (30)

di(q, w, t)

Equation ([30]) is equal to zero at gg(q, w,t) = ¢, but this cannot be a maximum
since in such a case there is no individual attending school and, thus, there are no
profits for the monopoly school. At any other point, Property [5| implies that

This means that the grading standard is such that all individuals will attend
school and all achieve the degree, i.e., gg(q,g, t) = ¢L. In the stable equilibria,
this implies a very low grading standard. In the unstable equilibria, it implies the
counterintuitive result of a very high grading standard achieved by all students.

The reason for this extreme result can be found in Properties[d and[5] Property
says that the effort of the marginal individual is in a range in which marginal
disutility is higher than the marginal effect on productivity. This implies that for
the marginal individual, the direct effects of an increase in the grading standard on
the utility when achieving the degree are always negative. Consequently, increas-
ing the standard will always reduce the willingness to pay for attending school.
Property [p|states that increasing the tuition and the grading standard have effects
of equal directions on the ability of the marginal individual. This is a consequence
of Property [4] As usual, a change in tuition has two effects on profits, the direct
effect and the induced change in demand. A change in the grading standard only
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affects demand. Thus, given an increase in the tuition its consequent reduction
in demand can be neutralized reducing the grading standard. With the grading
standard the monopolist can increase tuition without reducing the demand for
school. The intuition in the unstable equilibrium is very similar, however, the
grading standard will be increased to increase the demand for school.

Finally, I must verify whether the participation constraint is satisfied by this
solution. This is a simple consequence of the fact that the monopoly school sets the
triplet (¢, w,t) in order to have all individuals optimally choosing to attend school
and achieving the degree. If all individuals attend school the stated participation
constraint is trivially satisfied.

Regime 2

Consider the situation where all individuals attend school (i.e. ¢ = ). The
problem of the school is given by

max M=t—vY(q) —-C

q.w,t

st. @ (d,q) —t > BY(P) (P4)
z&z¢
¢(q,w) and ¢(q,w) given by equation (14)).

The Lagrangian of this problem is

I =i/ ((q,w), q) — B(d(q,w)) — 1(q) — C
+ 70" — d(q,w)) + (g, w) — o)

where I have replaced t in the objective function using the participation constraint
and 1z and p are Lagrange multipliers.

The derivatives of the Lagrangian of this problem are

Z—Z - diq @1(8,9) — @2(0)] —v/(0) + (1 — W3, (31)
and
3_5 N di @ (6.) @) + (1~ ) (32)
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As before ignore (31]) and suppose ¢ > ngS > ¢, In these cases p=p=0and
equation (32)) can be written as follows:

ar

dw:a_(g[

Wl (¢, q) — b (95)] Pu(q,w).

This expression will not be equal to zero. This follows from two facts. First, if
q >0,

55 [176.0) = 8] = 16,0.0) - 0(6.0.0) > 0

since w(¢’, €', q) is increasing in ¢q. Second, Property @ implies that gzgg(q,u_), t) is
either positive or negative but it is always different than zero. This means that
the grading standard will be set such that ¢ = ¢. This will be achieved with a
very high grading standard, if ég(q, w,t) > 0, or with a very low one, otherwise.
In both cases no student will achieve the degree. Consequently in the optimum
g #0and p=0.

In this case the result is explained by a more conventional reason. Since we
are in a regime in which all individuals attend school, the monopolist will set the
grading standard in such a way that the tuition is maximized. This is achieved
when the difference between the wage of going to school and not achieving the
degree and that of not going to school is maximized. This happens when the
marginal student is that with the highest ability. The reason behind this is very
simple, since the productivity of a given individual is always higher when attend-
ing school than when not attending (because of the effect of school quality) the
wage differential between attending school and not achieving the degree and not
attending school is always increasing in the ability of the marginal student.

5.2 The optimal choice of the school

Regarding the grading standard the solutions of problems and are very
similar; as a result of the grading standard set by the monopolist individuals will
not be differentiated in the labor market. However, in the case in which the solution
is a standard that all students can achieve, there will be a mass of students that
will exert positive effort while in the case in which no student achieves the optimal
standard, students will exert no effort. This means that the wage rate seen in the
labor market will be (weakly) higher in the case where all students achieve the
degree than in the case no student does.

Finally, I must compare the payoffs of the school in each of these two situations.
To find the payoff in Regime 1, when all students achieve the degree, one must
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have an expression for the tuition when qZA> = ¢l. Strictly, what one should do
is to use the first order conditions of this problem to find a value for 77 and use
this value together with the first order condition for ¢ to find the optimal tuition.
However, once it is known that the school will set the grading standard to have
all individuals attending school and achieving the degree, gzg can be treated as a
fixed value and one can use equation to find the maximum tuition that can be
charged. Thus, the value of the objective function of problem is:

L

R ot o .
i = / (@&, QP (&) — w(6",0,0) — v(eh) — (q) — C
¢

with ¢ set at its optimal level and £° given by Property .
In Regime 2 the payoff is given by
¢H
IT= / [W(¢1707q) _w<¢17070>:| dF(¢Z) _¢(Q) -C

L

with ¢ given set at the optimal level.

To compare profits in these two situations first consider the extreme case in
which w(¢l,e?,q) = 0 for all pairs (e’,q). This represents the case in which,
by no means, the individual with the lowest ability will have a strictly positive
productivity. Under this assumption, in the case in which every body achieves the
degree, the grading standard is so low that the individual with the lowest ability
must make no effort to achieve the degree. In this case profits will be given by

¢H
ML= [ ol 0,076 ~(6".0,0) - via) ~C
Now compare II, and II. Since the only difference between them is a constant it
must be that the optimal ¢ must be the same in both problems. Therefore,

. - ¢t , :

I, —II = / w(¢',0,0)dE(¢") — w(¢*,0,0) > 0. (33)
L

Thus, under the assumption that w(¢, e, q) = 0 for all pairs (e,q) the optimal

choice of the monopolist is a very low standard that can be achieved by all students.

Sticking to the assumption that w(¢?, ¢, q) is strictly increasing in all its argu-
ments (i.e. if w,(¢*,0,q) > 0), this argument continues to hold. To see this, note
that the profits II, can always be obtained by the monopolist when all students
achieve the degree. It is enough for the monopolist to set a very low level of w
such that no student makes effort. Thus, it must be that

> 11, > I (34)
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Actually, the first inequality in (34) could be written as a strict inequality since un-
der Property |4/ and the assumptions that w,:(¢, €', ¢) > 0 and the Inada condition
on v(e), individuals with ability ¢* will exert a non-zero effort.

Two facts lie behind this result. First, because of the beliefs of firms, the surplus
that can be extracted in the case all students achieve the degree is higher when all
students achieve the degree than when no student achieves it. Second, the effect of
beliefs could vanish under a different assumption,!! however, higher effort results
in a higher extractable surplus as a result of the the concavity assumptions which
imply that the monopolist school benefits form individuals exerting a non-zero
effort.

Finally, consider the quality of education chosen by the school. It must be clear
that I only need to consider the case in which ¢ = ¢*. From equations and
(29) it follows that:

IE
~+ | =+
N—

~—

V'(q) =

%> @>

P4(q:w:t)
+(4,
¢4 ( ,t) and A,(¢, ¢, w) given by (8),

IE

\_/

Which, using the expressions for ggt(q, w, t),

and can be written as

O dF((b’) Ve oL
/(2) Q(¢7 7Q) ((%) we((lg,é,Q) Q(¢7 aQ) ¢(Q) (35)

In the optimum school quality will be given by evaluated at QAS = ¢r. The
monopolist only takes into account, in setting ¢, the effect it has in the utility of
the marginal individual since that determines the surplus it will be able to extract
from students.

I summarize the main result in this section in the following proposition.

Proposition 2 (a) The monopolist school will set a grading standard such that all
individuals attend school and all achieve the degree. (b) The quality of the school
1s set to equate the marginal gain from going to school of the marginal student with
the marginal cost of quality. (c) The monopolist sets a tuition that extracts all the
surplus of the marginal student.

Propositions [I| and |2 show the inefficiency of the choices made by the monop-
olist. The most important implication of the propositions is that while it may be
efficient to have some separation according to productivity in the labor market the

11. For example if the contrafactual wages are assumed to be equal to the productivity of the
individual with the lowest ability as in Lizzeri (1999)
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monopolist will not allow this to happen. This is because the grading standard can
be used by the monopolist school to increase demand with out needing to reduce
the tuition that the marginal individual is willing to pay and without affecting the
costs faced by the monopolist.

Additionally, the monopolists school does not set the level of ¢ according to a
Samuelson rule, it only considers the effect on the utility of the marginal individual.
Finally, the social optimal pricing rule and that of the monopolist are also different.
The school wants to extract the whole surplus of the marginal individual while the
social optimal pricing rule takes into account the divergence between the social
and the private values of education to achieve an optimal sorting of individuals
between those that attend school and those that do not attend.

6 Concluding comments

In this paper I have addressed the issue of how an unregulated self-interested school
would set grading standards. I have done so, assuming the role of education
is to increase individual labor market productivity and that the school and the
labor market have imperfect information about students productivities and of its
determinants. I have shown that the monopoly school always sets the grading
standard such that all individuals attend school and all achieve the degree. This
means that with a monopoly school all individuals in the labor market will be
undifferentiated and they will all have the same wage. The efficient outcome,
however, differs from this one in that individuals are differentiated in the labor
market.

The inefficiency of the monopolist grading standard comes from the divergence
of its objective with social welfare. The monopolist sets the grading standard to
maximize the extractable surplus. This is equal to the maximum tuition that the
marginal individual is willing to pay and is maximized allowing all individuals
to achieve the degree. What explains this is that, for the marginal individual,
the direct effect of an increase in the grading standard always reduces his utility
of achieving the degree and consequently reduces his marginal willingness to pay
for education. The efficient grading standard maximizes average utility, which is
maximized with an intermediate grading standard.

The results in this paper are extreme with respect to what is observed in
reality. The level of drop outs and the attendance level in secondary and university
education is far from that predicted by this model. However extreme, the results
do reflect an important fact observed by empirical researchers on the economics of
education. It has been noticed by many authors that graduation rates in private
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schools are higher than in public schools.!? 1 do not argue that the objective

function used in Section 4| is a realistic choice for the objective of public schools,
however it does say that benevolent governments would want schools to set more
rigorous grading standards than those set by an unregulated monopoly school.

Moreover, the model analyzed in this paper is a first step towards other issues.
In future research I plan to consider the effect of competition between schools in
grading standards. This is particularly important to answer whether the extreme
results on the decentralized grading standards results from the lack of competi-
tion or from the asymmetries of information in the labor market. Other lines of
research that I plan to address are that of the regulation of schools, particularly
the introduction of competition together with the use of vouchers.

There are other important situations that should be analyzed besides the first-
and second-best analyzed in this paper. Particulary it would also be important to
understand the optimal policies when the government faces additional information
restrictions. It is likely that the government does not observe the threshold used
by the school to award degrees nor the effort of teachers. However, the government
may have access to other sorts of information like the number of students attending
school and the number of individuals who achieve the degree.

12. This literature is surveyed partially by [Hanushek! (2002, pp. 2107-2114). It is strange to see
that, virtually, in all of the empirical studies addressing the issue, graduation rates are seen as
a measure of success of schools. However, this model implies that the graduation rate is a bad
predictor of school quality particularly when grading standards are set by schools as is done in
most of the States in the US or in most countries in Latin America.
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Appendix

A Full information Pareto optimal solution

Under conditions of perfect information, if the government and the firms observe
perfectly the parameters and choice variables of individuals and the school, de-
grees are not needed. Individuals will receive a wage equal to their productivity.
Although in this paper I am mostly interested in the optimal level of the grading
standard I include this appendix to highlight the inefficiencies due to asymmetric
information.

The most important problem that must be resolved here is that of the at-
tendance to school problem. The quality level of the school ¢ will be given by a
traditional Samuelson condition. However, it is no longer clear that the monotonic
rules about attendance to school are optimal

Since the labor market observes directly the productivity of each individual
there is no role for the signaling device. The problem of the government is thus to
decide the optimal attendance rule, the quality level of the school and the optimal
effort of each individual.

To write the problem of the government let me introduce some additional
notation. Let o’ € {0,1} be equal to one if it is optimal to let individual of type
¢ attend school and equal to zero otherwise. With this definition I can write the
efficiency maximization problem as follows:

ot o , ,
max —H / a’ [w(gbzv 627 q) - ’l)(e;) - ﬂ)(q)} dF(¢Z)
q7{al7%753}§;L d)L

p (P5)
¢ v o , ,
+/ [1— o] [w(gbl, e,,0) — v(e;)} dF(¢') —C

L

where ¢! and ¢!, are, respectively, the effort levels of an individual of ability ¢’
when and when he does not attend school.

The first order conditions for an interior optimum are:

ot o A
il / o [y, b q) — 0/ (q)] dF(6) = 0, (36)
[ea] © weldheh,q) —V'(er) =0, (37)
[62] : w€<¢i7 e'im 0) - U/<€i) =0 (38)
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and

. 1 if [w( ijelé,Q)—U(@Z)]
o] : o= = [w(¢', €, 0) = vlen)] = d(a) (39)

0 otherwise.

These conditions have standard interpretations. Equation is a standard
Samuelson condition, it says that sum of the marginal benefits of school quality
should be set to equalize its marginal costs. Equations and say that the
marginal disutility of effort should be set to equalize the marginal gains of effort.

Equation (39) rules whether an individual attends school. This depends on the
difference of his utility levels in both situations. In the case this difference is big
enough (bigger or equal to the cost of attending a student at school) o’ will be set
to one. In any other case it will be set to zero.

These equations, particularly the rules about optimal effort level and school at-
tendance are very different than all the others I have found in the paper. Equations
and differ with the decentralized and second best outcomes presented in
the paper in three ways. First, in the first-best solution, effort level will only
be zero if there is no interior solution. Contrary to this, I have shown that in
the second best and in the monopoly solution effort is zero for a wide range of
individuals.

Second, in the second-best and in the decentralized outcomes effort level is a
decreasing function of ability for those students who achieve the degree. Partic-
ularly in those two problems whether the effort level increases or decreases with
ability is independent of the form of w(-, -, ). However, in the first-best outcome,
the effort level will only be decreasing if effort and ability are substitutes while if
they are complements it will be increasing.

Finally, the first best solution differs with the others considered in this paper in
the way students are allocated between attending school or not. Particularly with
out further restrictions in w(-,-,-) it is not possible to have a monotonic rule as
in the second-best. To have a rule like that one I would need to impose sufficient
conditions to assure that the difference in the utility between attending school and
not attending is increasing in ability.'?

The inefficiency of the level of attendance to school found in the decentralized
outcome in this model is due to the divergence between the private and the social

13. T am aware that if ¢/(q) is very small it is possible to have a situation in which it is optimal
to let all individuals attend school. Although this does not seem to be a very interesting case,
note that there is a big difference between the reason why this happens here and the reason why
it happens in the decentralized outcome.
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returns to education. Individuals decide whether to attend school based on the
comparison between the wage rate and the tuition level. However, the government
decides whether to allow and individual to attend school on the basis of the com-
parison between the productivity and the marginal cost of attending a student at
school. The fact that the wage rate (the private return) does not correspond with
individual productivity (the social return) is the responsible of the inefficiency of
the second-best outcome.

B Proofs

B.1 Proof of Property

I consider only the first part of the property since the proof of the second one is
even simpler. Suppose that a student of type i decides to achieve the degree and
that for this individual ¢’ > 0. This means that there is some effort level e’ for
which w? —t — v(e!) > w/ — t that satisfies w(¢’, !, q) > w. Since wages cannot
be conditioned on the effort level, if e2 > ¢’ the student will be better off exerting
effort e’ than e’. If for this individual, w(¢*, 0, ¢) > w he would not exert an effort
level different than zero since doing so would only reduce his utility.

B.2 Proof of Property

Suppose an individual with ability ¢’ (weakly) prefers to achieve the degree. This
means that w? —t —v(e?) > w/ —t. Consider now an individual with type ¢" > ¢'.
His utility will be w? — t — v(e") if he achieves the degree and w’/ — ¢ if he does
not. Since w(¢, e, q) is increasing in ¢* and in ¢’ it should be that £ > &" and
thus w? —t — v(e") > w? —t — v(&?). Clearly w? —t — v(e") > w/ —t. The proof
for the second part is along the same lines.

B.3 Proof of Property

Given (¢,w,t) the demand for schooling will depend on the ordering of the utility
levels achieved when attending school and when not attending. If an individual of
type i attends school his utility will be

U = max{w? —t —v("), w’ —t}.

If he does not attend school it will be w* since they will not exert any effort. The
individual will attend school only if U? > w®. Since the utility of attending school
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and not achieving the degree does not depend on ability all students attend school
if

w! —t > w" (40)
Otherwise, those who would not achieve the degree do not attend school. Moreover,
when w" > w/ — t there is a group of individuals who would achieve the degree
if they had attended school but prefer not to attend school since for them w" >
w? —t —v(e).

The proof for the monotonicity of the attendance decision is along the same
lines as the proof for Property [2|

B.4 Proof of Property

I provide the proof only for Regime 2. The proof for Regime 1 requires minor
changes on that presented here.

Notice that a student exerting no effort can not be marginal (unless ¢~5 = ¢h)
since his utility when achieving the degree, w%(q, é,u_)) — t, is strictly grater than
that if he does not achieve the degree, w/ (q;, q) — t. Consequently, I only need to
consider students who exert a strictly positive effort to achieve the degree.

For the marginal student it must be that

(¢, q,w) > w(6,Z,q)
and . .
w(9,0,q) > W' (4,q)
with at least one of the inequalities being strict (both expressions will hold si-
multaneously only in the case in which ng = ¢L). The first of these inequalities
implies that 3 .
and the second that 3 3
W(¢, 07 q) —t 2 1Z}f<¢, q) — 1. (42)
Now fix ¢ and let €* satisfy
v'(€*)
we(®, €%, q)

Suppose that the marginal student needs to exert an ability level £ < €* to achieve
the standard. Since w(¢’, €', q) — v(e’) is concave and € > 0, £ < &* implies that

w(d,&,q) —t —v(&) > w(e,0,q) —t. (43)
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Equations , and imply that
(4, q,w) =t = v(&) > @' (,9) — L.
Which contradicts the fact that for the marginal student it must be that
04§, q,w) =t — v(&) = B (¢, q,w) — 1.

This implies that the marginal student must exert an effort level € > é*. Thus,

L&? > 1.
we(9, €, q)
from the concavity of w(¢’, €', q) — v(e?).
B.5 Proof of Property
Using the expressions:
At((zg7 q,«, t) =-1 (44)
- D . . wy(6,€,4)
Ay, q.w.t) = — |ib%(d, g, w) — 0"() | +v'(8) =, (45)
i d¢ we(9,€,q)
A in _ 0 ~d( ] RN 1
Ag(qsa q,«, t) - @w (¢7 q, L‘_j) v (E) we(qg’ é, q) (46)
and
o 0 4 ) wq(9.6.q)
Ay(¢,q,w,t) = " (¢, q,w) +v (6)—%(&75’ " (47)

the proof follows along the same lines as those of the proof for Property [6] which
follows.

B.6 Proof of Property [6]

(a) The expression for ¢, (

=

,w) is given by equation . According to this equa-

tion I need to prove that Ag(gﬁ, ¢,w) < 0. First, from ([L3):
. 0 - ~ 1
Ag((ba Q7g) = 5 wd(¢7 q, Q) - wf(¢> q) - UI(§)~—~7 (48)
Ow [ } we(4, €, q)
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and equations and one obtains

5 g] = F@=FE@)
- F(9)

0 ~
% |:/J]d(¢v q, g) - wf(¢7 Q)

This term is clearly smaller or equal to one. Second from Property

1
’ (8)%(@3, i

These two facts and equation yields the stated result.
_ (b) The expression for ¢4(q,w) is given by equation (16)). The expression for
Ay(9,q,w) is

B(b) = 5 [#0ae) - G.0)] + vOZEZD

I .G N AP LA AR

which is positive if wg,(¢", €', q) > 0.
Equations and and the previous equation yield the stated result.
Finally, just for the record, let us state here the expression for A d;((%, q,w).

B4l6.0.0) = 3 [76.0.0) = 7 G0)] £V OHEZL g
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